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Abstract 

For any row-finite graph E and any field K we construct the Leavitt path algebra L{E) having 
coefficients in K. When K is the field of complex numbers, then L(^E) is the algebraic analog 
of the Cuntz Krieger algebra C* [E) described in [8]. The matrix rings Mj^i^K) and the Leavitt 
algebras n) appear as algebras of the form L(^E) for various graphs E. In our main result, 

we give necessary and sufficient conditions on E which imply that L(^E) is simple. 

Keywords: path algebra; Leavitt algebra; Cuntz Krieger C*-algebra 
Introduction 

Throughout this article K will denote an arbitrary field. In his seminal paper [6], Leavitt 
describes a class of i^-algebras (nowadays denoted by L(m, n)) which are universal with 
respect to an isomorphism property between finite rank free modules. In [7], Leavitt goes on 
to show that the algebras of the form n) are simple. More than a decade later, Cuntz 
[3] constructed and investigated the C*-algebras On (nowadays called the Cuntz algebras), 
showing, among other things, that each On is (algebraically) simple. When K is the field C 
of complex numbers, then On can be viewed as the completion, in an appropriate norm, of 
L(l, n). Soon after the appearance of [3], Cuntz and Krieger [4] described the significantly 
more general notion of the C*-algebra of a (finite) matrix A, denoted Oa- Among this 
class of C*-algebras one can find, for any finite graph E, the Cuntz-Krieger algebra C*{E), 
defined originally in [5]. These C*-algebras, as well as those arising from various infinite 
graphs, have been the subject of much investigation (see e.g. [8], [9], and [2]). Recently, 
the 'algebraic analogs' of the C*-algebras Oa have been presented in [1]; these are denoted 
by C1Ca{K). By restricting attention to a specific set of allowable matrices, the simplicity 
of the algebra C1Ca{K) for some subset of these allowable matrices has been determined 
(although the condition for simplicity is not explicitly given in terms of the matrix A). 

The goal of this article is to 'complete the algebraic picture'. Specifically, we give the 
definition of the Leavitt path algebra L{E) corresponding to any row-finite graph E and 
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field K. When E is finite without sources and sinks, then L(E) can be realized as an 
algebra of the form C]Ca{K) for some matrix A. Analogous to the relationship that exists 
between n) and On, L{E) has the property that when K = C, then C*{E) can be 
viewed as the completion, in an appropriate norm, oiL{E) [8, Proposition 1.20]. 

In our main result. Theorem (3.11), we give necessary and sufficient conditions on the 
row- finite graph E which imply that L{E) is simple. These results extend those presented in 
[1], in that: they apply also to some important algebras which are explicitly not considered 
in [1]; they apply also to algebras which arise from infinite matrices; and they provide 
necessary conditions on E for the simplicity of L[E). The statement of Theorem (3.11) 
parallels a similar theorem for C*-algebras of the form C*(E) given in [8, Theorem 4.9 and 
subsequent remarks]. However, the techniques utilized here are significantly different than 
those used in the analytic setting. 

We begin by establishing some notational conventions. A (directed) graph E = 

{E°,E''-,r,s) consists of two countable sets E^^E'^ and functions r,s : E'^ ^ E^ . The 
elements of E^ are called vertices and the elements of E^ edges. For each edge e, s(e) is 
the source of e and r(e) is the range of e. If s(e) = v and r(e) = w, then we also say 
that V emits e and that w receives e, or that e points to w. 

A vertex which does not receive any edges is called a source. A vertex which emits no 
edges is called a sink. A graph is called row-finite if s~^{y) is a finite set for each vertex 
V. In this paper, we will only he concerned with row-finite graphs. Of course, under this 
hypothesis, the edge set of E, E^, is finite if its set of vertices, E^, is finite. Thus, we 
will say a graph E is finite if E^ is a finite set. A path in a graph £^ is a sequence 
of edges fj, = fXi . . . fXn such that r(//i) = s{iJ,i+i) for i = 1, . . . ,n — 1. In such a case, 
s(/i) := s(/ii) is the source of fi and r{fi) := r(/x^) is the range of fi. If s{fi) = r{fi) and 
s(//j) for every i ^ j, then is a called a cycle. 



1. Leavitt path algebras 

In this section we define the algebraic structures under investigation. We begin by 
reminding the reader of the construction of the standard path algebra of a graph. 

1.1. Definition. Let be a field and E he a graph. The path i^-algebra over E 

is defined as the free i^-algebra U E'^] with the relations: 

(1) ViVj = SijVi for every Vi, Vj G 

(2) a = eir{ei) = s{ei)ei for every G E^. 
This algebra is denoted by A[E). 
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1.2. Definition. Given a graph E we define the extended graph of E as the new 

graph E = {E^,E^ U {E^)*,r',s') where (E^)* = {e* : G E^} and the functions r' 
and s' are defined as 

r'l^i = r, s'l^i = s, r{e*) = s{ei) and s'(e* ) = r(ei). 

1.3. Definition. Let be a field and £^ be a row- finite graph. The Leavitt path 
algebra of E with coefficients in K is defined as the path algebra over the extended 
graph E, with relations: 

(CKl) e*ej = 5ijr{ej) for every Cj E E^ and e* G {E'^)* . 

(CK2) Vi = ^[g.^E^:s{ej)=vi} ^j^j every Vi G £'° which is not a sink. 

This algebra is denoted by Lk{E) (or more commonly simply by L(E)). 

The conditions CKl and CK2 are called the Cuntz-Krieger relations. In particular 
condition CK2 is the Cuntz-Krieger relation at Vj. If Vi is a sink, we do not have a 
CK2 relation at Vj. Note that the condition of row-finiteness is needed in order to define 
the equation CK2. 

1.4. Examples. Many well-known algebras are of the form L{E) for some graph E: 

(i) Matrix algebras Mn{K): Consider the graph E defined by E^ ~ {yi, . . . , v^}, E^ — 
{ei, . . . , Cn-i} and s{ei) = Vi and r(ei) = Vi+i for z = 1, . . . , n — 1. Then Mn{K) = 
L{E), via the map Vi i— > e(z,z),ei i— > e{i,i -\- 1), and e* i— > e{i + l,z) (where e{i,j) 
denotes the standard (z, j)-matrix unit in M„(i^)). 

(ii) Laurent polynomial algebras K[x, x~^]: Consider the graph E defined by E'^ = {*}, 
E^ = {x}. Then clearly K[x,x-'^] ^ L{E). 

(iii) Leavitt algebras A = L(l, n) for n > 2 investigated in [7]: Consider the graph E defined 
by E^ = {*}, E^ = {yi, . . . , Vn}. Then L(l, n) ^ L{E). 

1.5. Lemma. Every monomial in L{E) is of the following form. 

(a) kiVi with ki G K and Vi G E^ , or 

(b) kci^ . . . Ci^e*^ . . . e*^ where k e K; a, r > 0, a + t > 0, e E^ and e*^ G {E^)* 
forO < s <a,0 <t <T. 

Proof: The proof is almost identical to the proof of [8, Corollary 1.15] (a straightforward 
induction argument on the length of the monomial kxi . . . x^ with Xi G E^UE^U{E^)*), 
and so is omitted. ■ 

1.6. Lemma. If E^ is finite then L{E) is a unital K-algebra. If E^ is infinite, 
then L{E) is an algebra with local units (specifically, the set generated by finite sums 
of distinct elements ofE^). 



4 



Abrams and Aranda 



Proof: First assume that is finite: we will show that ^"—^ Vi is the unit element of 
the algebra. First we compute (Yl7=l ~ ^7=1 ^ij'^j ~ ^J- -N^ow if we take Cj € 

we may use the equations (2) in the definition of path algebra together with the previous 

computation to get (X^ILl ^O^j ~ (X]r=l ~ ~ ^j- ^ similar manner 

we see that (XlILi "^O^j = e*. Since L{E) is generated by E^ U E^ U (-E^)*, then it is 
clear that (XlILl '^i)'^ ~ ^'^^ every a G L(E), and analogously ct(X]iLi "f^j) — ^ fo^" every 
q: G L[E). Now suppose that i?^ is infinite. Consider a finite subset {ai}l^i of L{E) and 
use Lemma 1.5 to write Oj = Ss=i ^s'^^s + Ylh^i ^\Pi where k\,c\ G K — {0}, and 
are monomials of type (b). Then with the same ideas as above it is not difficult to prove 
that for V = [jl=i{K^siPi)i'^iP]) ■■ s = l,...,ni;l = 1,. . .,mj}, then a = J2v€v'" ^ 
finite sum of vertices such that aai = a^a = ai for every i. ■ 

1.7. Lemma. L[E) is a Z-graded algebra, with grading induced by 

deg{vi) — for all Vi G deg{ei) — 1 and deg{e*) — —1 for all G E^. 

That IS, L{E) - ^^^^L{E)r„ where L{E)o = KE^ + Ao, L{E)^ ^ for n ^ Q 
where 

An = • • -^v^ii • --^t '■ > 0' ^ e {E^T, keK, a-T = n}. 

Proof: The fact that L{E) = ^^^^L(il/)^ follows from Lemma 1.5. The grading on 
L{E) follows directly from the fact that A{^E) is Z-graded, and that the relations CKl and 
CK2 are homogeneous in this grading. ■ 

Note that by virtue of Lemma 1.7 we can define the degree of an arbitrary polynomial 
m L{E) as the maximum of the degrees of its monomials. We say that a monomial in L{E) 
is a real path (resp. a ghost path) if it contains no terms of the form e* (resp. e^); we 
say that p G L(E) is a polynomial in only real edges (resp. in only ghost edges) if it 
is a sum of real (resp. ghost) paths. 

For a path q — qi . . . q^, we denote by q* the ghost path q^- ■ - Qi- If ct G L[E) and 
d G Z"'', then we say that a is representable as an element of degree d in real 
(resp. ghost) edges in case a can be written as a sum of monomials from the spanning 
set {pq* I p, q are paths in E} given by Lemma 1.5, in such a way that d is the maximum 
length of a path p (resp. q) which appears in such monomials. We note that an element of 
L(E) may be representable as an element of different degrees in real (resp. ghost) edges, 
depending on the particular representation used for a. For instance, for E as in Example 
1.4(ii), xx~^ is representable as an element of degree in real edges in L[E), as xx~^ — 1. 
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2. Closed paths 

Certain paths in the graph E will play a central role in the structure of the Leavitt path 
algebra L{E). 

2.1. Definit ions. An edge 6 is an exit to the path jJL — jjii . . . jj,^ if there exists i such 
that s{e) — s{iJii) and e ^ //j. 

A closed path based at v is a path /i = fii . . . fi^, with fij G E^, n > 1 and such 
that s{fj,) = r{fj,) = V. Denote by CP{y) the set of all such paths. 

A closed simple path based at f is a closed path based at v, /i = fii . . .fin: such 
that s{fij) ^ V for every j > 1. Denote by CSP{v) the set of all such paths. 

Remark. Note that a cycle is a closed simple path based at any of its vertices, but 
not every closed simple path based at is a cycle because a closed simple path may visit 
some of its vertices (but not v) more than once. Moreover, every closed simple path is in 
particular a closed path, while the converse is false. 

2.2. Lemma. Let jJi,^ & CSP{v). Then = S^^j^v. 

Proof: We first assume a and (3 are arbitrary paths and write a = e^^ . . . Cj^ and 

Case 1: deg{a) = deg{f3) but (3. Define h>l the subindex of the first edge where 
the paths a and (3 differ. That is, Cj^ = Cj^ for every a < b but Cj^ ^ Cj^ . Then 

* n * * * ^ ( \ 

<^ P — • • • ^ii^jl • • • ^Jt — • • • ^i'2'^\^jl)^j2 • • • ^ir 
r ^ if. 

— <'r(ejj, 5(6^2)61^ • • • 6i2^j2 • • • e^-^ — . . . 

= <^r(ejj,s(ej2) • • • ^r{eiy^_^),s{ej^)^i„ ■ ■ ■ ^i^^jb ■ • ■ ^jr = 0- 

Case 2: a = (3. Proceeding as above, a* (3 = 5r.{ei^),s{ei^) ■ ■ ■ ^r{ei^_^),s{ei^)r{^i„) = 
r{a). 

Case 3: Now let fiji' & CSP{v) with degi^n) < deg^f). Write v = vxV2 where 
deg{vi) = deg{fi), deg{v2) > 0. Now if /i = vi then we have that v = r(/i) = r{i^i) = 
5(^^2)5 contradicting that v € CSP(v), so fX ^ V\ and thus case 1 applies to obtain 
IJi*V = ll*ViV2 = 0. 

The case deg{fJi) > deg{v) is analogous to case 3 by changing the roles of and v. ■ 

2.3. Lemma. For every p e CP{y) there exist unique ci,...,Cm € CSP{y) 
such that p — ci . . .Cm- 
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Proof: Write p = ej^...ej^. Let T = {t G {l,...,n} : r(eij = v} and list 
ti < • ■ ■ < tm = n aU. the elements of T. Then Ci = Cj^ . . . Cj^^ and Cj = Si^, ^ . . . Cj^ . 
for J > 1 give the desired decomposition. 

To prove the uniqueness, write p = Ci . . . Cr = di . . . dg with Cj, dj € CSP{v). Multiply 
by c\ on the left and use Lemma 2.2 to obtain 7^ VC2 . . . = c^di . . . da, and therefore 
by Lemma 2.2 again Ci = di. Now an induction process finishes the proof. ■ 

2.4. Definition. For p e CP{v) we define the return degree (at v) of p to be the 
number m > 1 in the decomposition above. (So, in particular, CSP{v) is the subset of 
CP(v) having return degree equal one.) We denote it by RD(p) = RDy{p) = m. We 
extend this notion to vertices by setting RD^(v) = 0, and to nonzero linear combinations 
of the form Y^^sPs, with p^ G CP{v) U {v} and kg e K - {0} by: RD{J2ksPs) = 
max{RD{ps)}. 

2.5. Lemma. For a graph E the following conditions are equivalent, 
(i) Every cycle has an exit. 

(a) Every closed path has an exit. 
(Hi) Every closed simple path has an exit. 

(iv) For every Vi e E^, if CSP{vi) ^ 0, then there exists c e CSP{vi) having an exit. 

Proof: (ii) =^ (iii) => (i) is trivial by definition, and (iii) => (iv) is obvious. 

(i) ^ (ii). Consider /j, E CP(vi). First by Lemma 2.3 we can factor /j, = c^^^ . . .c^'^\ 
where c^^) G CSP{vi), and we examine c*-"*'. If it is cycle then we can find an exit for 
it, and therefore for ^, by hypothesis. If not, c*^"^-* visits a vertex (different from Vi) more 
than once. Write cS"^^ = c^"^"* . . . ci"^'' with each c}f^^ E E^ and let ci^'' be the last edge 
for which s(c^"^'*) G {s(c|"^'*) : 1 < i < s, z 7^ j}. Thus, there exists Si < Sq such that 
s(cs^^) = s(ci',"'*). We have several possibilities: 

Case 1: 4^-* = c^^^ and Sq < s. Then r(ci^^) = r(ci7'^); that is, s(4^i) = 3(0^*^1), 
which contradicts the choice of c^^^ . 

Case 2: Cg^^ = c^^^ and Sq = s. This means that r(cs'^'') = r(c^"^'') = Vj, which is 
impossible because c^'^^ G CSP(vi). 

Case 3: ci^"* 7^ c.g7^''. In this case c^J^^ is an exit for c^'^\ and then for jj,. 

In each case we reach a contradiction or we find an exit for fx, as needed. 

(iv) =^ (iii). Consider c*-^-* G CSP{vi). By hypothesis we find c*-^-* G CSP{vi) having 
an exit. If c*^^-* = c*^^-* we are done. If not, we write c^^'^ — . . . Ci^ , c^^-* = Cj^ . . . Cj^ and 
proceed by steps: 
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Step 1: If 7^ e^^ , since s(eij = s(ejj = Vi, then 6-,^ is an exit for c^^\ 
Step 2: If = Cj^ then r(eij = r(ejj; that is, 5(6^3) = s{ej^). 
Step 3: If Cjj 7^ 6^2, then as in Step 1, ej^ is an exit for c^^\ 
Step 4: If Cjj = , then continue as in Step 2. 

With this process, we either find an exit or we run out of edges in one path but not in 
the other (because c^^^ ^ c*^^^). Thus: 

Case 1: c^^^ = c'^^^e^^ ■ • - ^i^ t < s. But this is impossible because s(ejj = r(c*^^^) = 
Vi and c(i) e CSP{vi). 

Case 2: c^^-* = c^^^Cj^ . . . Cj^ for q < r, which is similarly impossible. 

In any case, we reach a contradiction or we are able to find an exit for c^^\ and this 
finishes the proof. ■ 



3. Simplicity of L{E) 

In this final section we build the algebraic machinery necessary to obtain our main result. 
Theorem (3.11). 

3.1. Proposition. Let E be a graph with the property that every cycle has 
an exit. If a E L{E) is a polynomial in only real edges with deg{a) > 0, then 
there exist a,b & L{E) such that aab ^ is a polynomial in only real edges and 
deg{aab) < deg{a). 

Proof: Write a — ^g.^^i CiCtei + 'YIvieEO ^I'^li where ciei are polynomials in only 
real edges, and deg{a(,i) < deg{a) = m. 

Case (A): fc; = for every I. Since ct 7^ 0, there exists Iq such that ei^ag,^^ ^ 0. Let 
b e L{E) have ab = a; such exists by Lemma 1.6. Then a = e*^, b give e*^ctb = Oiei^ 7^ 
is a polynomial in only real edges and deg{aei^) < deg{a). 

Case (B): There exists ki^ 7^ 0. Then we can write 

vi^avio = ki^vio + ^ kpp, kp e K. 

Note that this is a polynomial in only real edges, and is nonzero because kif^ is nonzero. 

Case (B.l): deg(vi^^avi^J < deg{a). Then we are done with a = w^,, and b = Vi^. 

Case (B.2): deg{vi^^avi^^) = deg{a) = m > 0. Then there exists po G CP{vi^^) 
such that kp^pQ ^ 0. Now by Lemma 2.3, we can write Pq — Ci . . .c^, cr > 1 and thus 
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CSP{viq) ^ 0. We apply now Lemma 2.5 to find Cgg G CSP{viq) which has Cjg as an 
exit, that is, if Cg^ = e^^ . . . e^^^ then there exists j € {l,...,So} such that s{ei.) = 
s(eig) but Cj^. 7^ e^Q. Since s{ei.) = s{ei^) we can therefore build the path given by 
z = Bij^ . . . ei._^eiQ. This path has dl^z = because c^^z = e*^^ . . .e*^ei^ ... ei._^eiQ = 
■ ■ ■ = e*^ ... e*.eiQ = 0. (We will use this observation later on.) Again Lemma 2.3 allows 
us to write 

(t) vi^avi^ ^ ki^vi^ + c,al}\ 

Cs&CSP{viq) 

where 7 = RD{vi^avi^) > 0, and a^J are polynomials in only real edges satisfying 
RD{al^J) < 7. 

We now present a process in which we decrease the return degree of the polynomials by 
multiplying on both sides by appropriate elements in L(E). In the sequel we will often 
make use of Lemma 2.2 without mentioning it explicitly. In particular, multiplying (|) on 
the left by c*^ gives 

(I) c*^ {vi^ avi^ ) = ki^ c*^ + a^^J^ . 

Case 1: a^c^^^ = 0. Then A = c*^^ and B = Cg,, are such that A{vigavif^)B = ki^^vi^ ^ 
is a polynomial in only real edges and RD{A(vi^^avi^jB) = < 7 = RD(vi^^avig). 

Case 2: ai]] ^ but RD{ai]l) = 0. Then ai]] = k^'^^vi^^ for some ^ /c^^^ G K. 
Using the path z with an exit for c*^^ we have: 2*0*^ (t'/„Q;t'/„ )^ = z*{ki^^cl^^ + k^'^'^Vi^^)z = 
z*{0 + k^'^h) ^ k^^^r{z) 0. So we have A = z*cl^^ and B = z such that A{vi^^avijB ^ 
is a polynomial in only real edges and RD{A{vif^avif^)B) = < 7 = RD{vi^^avi^^). 

Case 3: RD^a^l) > 0. We can write 

c,€CSP(viq) 

(2) 

where ac/ are polynomials in only real edges with return degree less than the return degree 
of aill ■ < -R-D(c>!c!o ) < ^ implies 7 > 2. Multiply (f) by c*^ to get 

(§) (ciofi^ioc^^io) = hMf + fc^'^c:^ + 

We are now in position to proceed in a manner analogous to that described in Cases 1, 
2, and 3 above. 
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Case 3.1: acj^ — 0. Then (c*jj)^(fioQ;fiQ)(Csg)^ = ho'^lo + k^'^^CgQ and hence we have 
found A = (c*^)^ and B = (cgg)^ such that A(viQaviQ)B 7^ is a polynomial in only real 
edges and RD{A{vi^avi^)B) = 1 < 2 < 7 = RD{vi^aviQ). 

Case 3.2: but RD{a^cJj = 0. Then a^J = k^^^vi^ for some ^ k^^^ G K, 

and then z* {c*J\vi,avi,)z = z*{kiMof + + k^^'^'^lo)^ = -^*(0 + ^^^^-^) = 

A;(3)r(2;) 7^ 0. Thus, we get A = z*{c*J'^ and B ^ z such that A{vioaviQ)B 7^ is a 
polynomial in only real edges and RD{A{yi^avi^)B) = < 7 = RD{vi^avi^). 

Case 3.3: RD{afl) > 0. We write 
(3) 

where ac/ are polynomials in only real edges with return degree less than the return degree 
of agj- Now < RD{a^cJj < RD{ai^J^) < 7 implies 7 > 3. And by multiplying (§) by 

cto we get {c*jHvioavi,) = hMo)' + k^'K<^*so)' + ^^'K + "S- 

We continue the process of analyzing each such equation by considering three cases. If at 
any stage either of the first two cases arise, we are done. But since at each stage the third 
case can occur only by producing elements of subsequently smaller return degree, then after 
at most 7 stages we must have one of the first two cases. 

Thus, by repeating this process at most 7 times we are guaranteed to find A, B such that 
A(vi^javi^^)B ^ is a polynomial in only real edges and RD(A(viQavig)B) = 0. But this 
then gives = deg{A{vii^aviQ)B) < deg{a). So a — Avi^^ and b — Vi^B are the desired 
elements. ■ 

3.2. Corollary. Let E he a graph with the property that every cycle has an exit. 
If a ^ Q is a polynomial in only real edges then there exist a,b G L{E) such that 
aab e 

Proof: Apply Proposition 3.1 as many times as needed {deg{a) at most) to find a', 6' 
such that a' ab' is a nonzero polynomial in only real edges with deg(a' Oib') = 0; that is, 
a'ab' = Yl^^i kiVi ^ 0. So there exists j with kj 7^ 0, and finally a = kj^a' and b = b'vj 
give that aab = Vj & E^. m 

3.3. Corollary. Let E be a graph with the property that every cycle has an exit. 
If J is a ideal of L{E) and contains a nonzero polynomial in only real edges, then 
£:o n J 7^ 0. 

Proof: Straightforward by Corollary 3.2. ■ 

In order to extend all the previous results of this section to analogous results about 
polynomials in only ghost edges, we define an involution in L(E). 
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3.4. Lemma. L{E) can be equipped with an involution x ^ x defined in the 
monomials by: 

(a) kiVi = kiVi with ki E K and Vi G E'^, 

(b) kci^ . . .Ci^e*^ . . . e*^ = kcj^ . . . ej^e^^ • • • where k e K; a, r > 0, a + t > 

0, e,^ G and e-^ G {E^ Y , 

and extending linearly to L{E). 

Proof: The proposed map is well defined by Lemma 1.5, and it is linear by definition. 

It is easily shown to satisfy xy = y X and x = x for every y G L{E). It is also 
straightforward to check that the map is compatible with the relations defining L[E). m 

3.5. Remark. Note that the involution transforms a polynomial in only real edges 
into a polynomial in only ghost edges and vice versa. If J is an ideal of L{E) then so is 
J. We note here that while Leavitt path algebras behave somewhat like their C*-algebra 
siblings, they are indeed different in many respects. For instance, whereas in C*-algebras 
every two-sided ideal J is self-adjoint (i.e. J = J), this is not the case in the Leavitt 
path algebras setting. For instance, let L{E) = a;""*^] as in Example 1.4 (ii), and 
let J be the ideal < 1 + x + x^ > of L[E). Then J is not self-adjoint, as follows: if 
J = J, then f{x) = 1 + x~'^ + x~^ G J and thus x^f{x) = 1 + x^ + x^ e J. Now 
K[x, x~^] being a unital commutative ring implies that there exists p = Y2'iL-oo with 
p{l -\-x-\- x^) = 1 -\- x"^ -\- x^ . A degree argument on the highest power on the left hand side 
of the previous equation leads to = for every i > 1. By reasoning in a similar fashion 
on the lowest power we also get = for every i < —1, that is, p = Qq, which is absurd. 

We can define sets and quantities for ghost paths analogous to those given for real paths. 
Using the involution given in Lemma 3.4 we can then analogously prove the following three 
results. 

3.6. Proposition. Let E be a graph with the property that every cycle has 
an exit. If a & L{E) is a polynomial in only ghost edges with degia) > then 
there exist a,b & L{E) such that aab ^ is a polynomial in only ghost edges and 
deg{aab) < degia). 

3.7. Corollary. Let E be a graph with the property that every cycle has an exit. 
If a ^ Q is a polynomial in only ghost edges then there exist a,b & L{E) such that 
aab G E^. 

3.8. Corollary. Let E be a graph with the property that every cycle has an exit. 
If J is an ideal of L{E) and contains a nonzero polynomial in only ghost edges, then 
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For a graph E we define a preorder < on the vertex set E given by: 

V < w if and only ii v = w or there is a path ji such that s(/i) = v and r{fi) = w. 

We say that a subset H C E^ is hereditary if w ^ H and w < v imply v E H. We say 
that H is saturated if whenever s~^{v) ^ and {r(e) : s(e) = f } C iJ, then v & H. 
(In other words, is saturated if, for any vertex v in E, if a/Z of the range vertices r(e) 
for those edges e having s{e) = v are in ff, then v must be in as well.) 

3.9. Lemma. If J is an ideal of L{E), then Jr\E^ is a hereditary and saturated 
subset of E^. 

Proof: We first show that J (1 E^ is hereditary. Consider v,w G E^ such that v E J 
and V < w. By the definition of the preorder we can find a path fj, = fii . . . fx^ such that 
s(//i) = V and r(//„) = w. Apply that J is an ideal to get that filv/ii = /^i/Xi = r{fii) = 
s{ji2) £ J- Repeating this argument n times, we get that r{jj,n) = w E J. 

Now we see that J (1 E^ is saturated: consider a vertex v with s~^{v) ^ and {r(e) : 
s(e) = f } C J. The first condition implies that v is not a sink, so CK2 applies and we 
obtain v — X]{e 6-Ei-s(e )=«} ^j^j- ^® take Cj such that s{ej) — v, then by hypothesis 
we have that r(ej) G J and therefore Bj = ejrisj) G J. Now applying CK2 we conclude 
that w G J. ■ 

3.10. Corollary. Let E he a graph with the following properties: 

(i) The only hereditary and saturated subsets of E^ are and E^. 

(a) Every cycle has an exit. 

If J is a nonzero ideal of L{E) which contains a polynomial in only real edges (or 
a polynomial in only ghost edges), then J = L{E). 

Proof: Apply Corollaries 3.3 or 3.8 to get that JnE° 7^ 0. Now by Lemma 3.9 and (i) 
we have J H E^ = E^ . Therefore J contains a set of local units by Lemma 1.6, and hence 
J = L{E). ■ 

We are now in position to prove the main result of this article. 

3.11. Theorem. Let E he a row-finite graph. Then the Leavitt path algebra 
L{E) is simple if and only if E satisfies the following conditions. 

(i) The only hereditary and saturated subsets of E^ are and E^ , and 

(a) Every cycle in E has an exit. 

Proof: First we assume that (i) and (ii) hold and we will show that L{E) is simple. 
Suppose that J is a nonzero ideal of L(E). Choose 7^ a G J representable as an element 
having minimal degree in the real edges. If this minimal degree is 0, then a is a polynomial 
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in only ghost edges, so that by Corollary 3.10 we have J = L(E). So suppose this degree 
in real edges is at least 1. Then we can write 

m 
n=l 

where m > 1, ei^ctg.^ 7^ for every n, and each ctei„ is representable as an element of 
degree less than that of a is real edges, and /3 is a polynomial in only ghost edges (possibly 
zero). 

Suppose t; is a sink in E. Then we may assume v(3 = 0, as follows. Multiplying the 
displayed equation by v on the left gives va = V ^in'^ei^ + ^P- But since f is a sink 

we have f Cj^ = for all 1 < n < m, so that va — v(3 E J. But v(3 ^ Q would then 
yield a nonzero element of J in only ghost edges, so that again by Corollary 3.10 we have 
J = L{E). 

For an arbitrary edge ej E E^ , we have two cases: 

Case 1: j G {ii, . . . ,im}- Then Cja = a^,. + e*/3 G J. If this element is nonzero it 
would be representable as an element with smaller degree in the real edges than that of a, 
contrary to our choice. So it must be zero, and hence CKe^ = —e*j(3, so that ejOtg,. — —ejCjP. 

Case 2: j ^ {zi, . . . , im}- Then e*a = e^P G J. If e*/3 ^ 0, then as before we would 
have a nonzero element of J in only ghost edges, so that J = L{E) and we are done. So 
we may assume that e^/? = 0, so that in particular we have = —ejCjP. 

Now let Si = {vj G E'^ : Vj = s{ei^) for some 1 < n < m}, and let S2 = {ffci ) •••) ^fct) 
where {Y2l=i'^ki)P = P- (Such a set S2 exists by Lemma 1.6.) We note that wP = 
for every w G E^ — 82- Also, by definition there are no sinks in and by a previous 
observation we may assume that there are no sinks in jS'2. Let S = Si U 82- Then in 
particular we have (X^^^g'^)/? = P- 

We now argue that in this situation a must be zero, which will contradict our original 
choice of a and thereby complete the proof. To this end, 

m m 

n=l n=l 
m 

= Y.-^^AP-{ E eje;)P + P 

n=l j^{i^^,,,^i^}^s{ej)eS 

(by Case 2, the newly subtracted terms equal 0) 

= — ( ^ ^ v)P + P (no sinks in 5' implies that CK2 applies at each v E S) 

ves 

= -p + p^o. 
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Thus we have shown that if E satisfies the two indicated properties, then L(E) is simple. 
For the converse, first suppose that there is a cycle p having no exit. We will prove that 
L{E) cannot be simple. Let v be the base of that cycle. We will show that for a = v + p, 
< Q! > is a nontrivial ideal of L{E) because v ^< a >. Write p = e^^ . . . e^^. Since this 
cycle does not have an exit, for every Ci. there is no edge with source s(ei.) other than Ci. 
itself, so that the CK2 relation at this vertex yields s{ei.) = ei.e*.. This easily implies 
pp* — V (we recall here that p*p = v always holds), and that CSP{v) — {p}. 

Now suppose that V G< a >. So there exist nonzero monic monomials a^, bn G L{E) 
and Cn E K with v = X]n=i '^nO-n'^b^. Since vq.v = a, by multiplying by v if necessary 
we may assume that va^^v = and vb^v = 6„ for all 1 < n < m. 

We claim that for each (resp. bn) there exists an integer u{an) > (resp. u{bn) > 0) 
such that an = p"^""^ or = (p*)"^"") (resp. bn = p""^^-^^ or bn = (p*)"^''")). 

Now ai is of the form Cfc^ . . . Cfc^e*^ . . . with c,d> 1. (Otherwise we are in a simple 
case that will be contained in what follows.) Since ai starts and ends in v we can consider 
the elements: g = min{z : ^(e*^) = v} and / = max{z : s{ek^) — v}, and we will focus 
on a[ = Ckf . ..Cfc^e*^ . . .e*^. 

First, since V = T^i^*^) = s(ej^) and e^^ is the only edge coming from v, then ej^ = e^^ . 

Now, s{ej^_J = ^(^jg-i) = '^(^jj ''(^iJ '^(^ii) = ^(eia)^ and again the only edge 
coming from s{ei^) is and therefore e^g .^ = ei^. This process must stop before we run 
out of edges of p because by our choice of g we have that v ^ {''^{^j^) • < So in the 
end there exists 7 < cr such that . . . e!j = . . . . 

' Jl Jg *7 *1 

With the same (reversed) ideas in the paragraph above we can find 6 < a such that 
■ ■ ■ e/e^ = . . . Big . Thus, a'l = e^^ . . . e^^e*^ . . . e*^ , and we have two cases: 

Case 1: 5 7^ 7. We know that p is a cycle, so that r{eig) 7^ i^i^i^) = ^(^1^)) 
GigC*^ = 0, which is absurd because ai ^ 0. 

Case 2: 5 = 7. In this case a'l = PoPq for a certain subpath po of p, and by using again 
the argument of the CK2 relation in this case, we obtain poPo ~ ^• 

Hence, we get ai = Ck^^ . . .efc._,e* , , • • • e* = xy*, with x,y & CPiv). (Obviously, 
the case c > 1, d = yields a\ = x, the case c = 0, (i > 1 yields a\ = y* and c = d = 
yields ai = v.) Using Lemma 2.3 we have x = c^^^ . . . S-^^ for some c^^^ G CSP{v) = {p}, 
and the same happens with y. In this way we have ai = p^{p*)^ for some u^v > 0, and 
taking into account that pp* = v we finally obtain that ai is of the form p^ or (p*)" for 
some u > as claimed. An identical argument holds for the other coefficients and bn- 

Now since both p and p* commute with p* and a, we use the conclusion of the 
previous paragraph to write the sum v = XlnLi Cn^nd^n sls v = aP{p,p*) for some 
polynomial P having coefficients in K. Specifically, P{p,p*) can be written as P{p,p*) = 
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k-mip*)"^ H 1- kov H h knP"^ e 0^=_^ L{E)„j, where m, n > 0. First, we claim 

that k-i = for every z > 0, as follows. If not, let mo be the maximum i having k-i ^ 0. 
Then aP(p,p*) = k-mo{P*)^° + terms of greater degree = v, and since mo > we get 
that k-ma — 0, which is absurd. In a similar way we obtain /cj = for every i > 0, and 
therefore P{p,p*) = koV. But this would yield v = aP{p,p*) = akov = koa, which is 
impossible. 

Thus we have shown that if E contains a cycle which has no exit, then L{E) is not simple. 
Now we will consider the situation where E^ contains a nontrivial hereditary and saturated 
subset H, and conclude in this case as well that L{E) is not simple. To do so, we construct 
a new graph F = (F^, F^, rp^sp) = {E^ - H, r-^{E^ - H),r\EO-H: s\eo-h)- In other 
words, F is the graph consisting of all vertices not in H, together with all edges whose range 
is not in H. To ensure that F is well-defined, we must check that Sf{F^) UrpiF^) C F^. 
That rpiF'^) Q F^ is evident. On the other hand, if e G then s(e) G F°, since 
otherwise we have s{e) G H; but since r(e) > s(e) and H is hereditary, we get r(e) G H, 
which contradicts e & F^. So F is a well defined graph. 

We now produce a i^T-algebra homomorphism \1/ : L{E) L{F). To do so, we define 
$ on the generators of the free i^-algebra B = K[E^ U F^ U (F^)*] by setting (^{vi) = 
XF"{vi)vi, $(ei) = XFi(ef)ei and $(6*) = X(Fi)*(e*)e* (where xx denotes the usual 
characteristic function of a set X), and extending to B. In order to factor $ through A[E) 
we need to check that 

< {viVj - SijVi : Vi,Vj G F°} U {e^ - eir{ei),ei - s{ei)ei : G F^} > C Ker{^). 

This is a straightforward computation done by cases, with the only nontrivial situation 
arising when Ci G F^. But then r(ei) ^ if, and therefore $(ei — eir(ei)) = e^— eir(ei) = 
in F(F). Now, since s{ei) < r{ei) ^ H and H is hereditary then s{ei) ^ H, so that 
$(ei - s(ei)ei) =6— s(ei)ei = in F(F). 

Now to produce the desired ring homomorphism \E' : F(F) — > F(F) we need only check 
that $ factors through the relations ideal 

< {e*e,- - 5ijr{ej) : e^- G F\ e* G (F^)*} U {^;^ - ^ e^e* : G s(F°)} > 

{ej&E'^:s{ej)=Vi} 

of A(F). That $(e*ej — Sijr{ej)) = in F(F) is straightforward. So now consider 
Vi G s(F^); i.e., consider a vertex "(Ji which is not a sink in F. 

Case 1: Suppose Vi E H . Then for every Cj G E^ with s(ej) = we have that 
Ci ^ F^ (otherwise Ci G F^ implies r{ei) ^ iif and by hereditariness s{ej) — Vi ^ H). So, 
*(^^ - E{e,e£;i:«(e,)=^,} ^^^1) = - Y.{e,eE^ ■.s{e,)=v,} 0-0 = 0. 



The Leavitt path algebra of a graph 



15 



Case 2: Suppose Vi ^ H and Vi ^ s{F^). Since Vi G s(-E'°) we have s~^{vi) ^ 0. But 
since H is saturated there must exist Cj € such that s{e.i) = Vi, but r{ei) i?. That 
means € F"^ with s(ej) = v^, which contradicts the hypothesis that Vi ^ s{F^). Thus 
the saturated condition on H imphes that Case 2 configuration cannot occur. 

Case 3: Suppose Vi ^ H but Vi € s{F^). Then we have a CK2 relation in L(F) at Vi'. 



Vi = 



Consider Cj G such that s(ej) = Vi. If e-,- G F^ then $(e-,e*) = CjC*. If Cj ^ F^ then 

*(eje*) = 0- Thus we get ^{vi - T.{e,eE^:sie,)=vi} ^0^*3) = " E{e,eFi:.(e,)=^,} ej-e* 
= by the displayed equation. 

Thus we have shown that there exists a i^-algebra homomorphism ^ : L{E) — > L(F). 
Now consider Ker(*) < L{E). Since H ^ ^ there exists v G -ff, so 7^ v G Ker(*). 
Since H E^ there exists w ^ E^ — H and in this case = 7^ so * 7^ 0. In 

other words, ^ Ker{^) ^ L{E), so that L{E) is not simple. 

Thus we conclude that the negation of either condition (i) or condition (ii) yields that 
L{E) is not simple, which completes the proof of the theorem. ■ 

3.12. Remark. If we start with a finite and row- finite graph E = {E^,E^,r,s) 
with E^ = {vi, . . . , Vn}, E^ = {ei, . . . , e^}, there exist algorithms that decide, in a finite 
number of steps, whether or not the graph satisfies conditions (i) and/or (ii), and therefore 
whether or not L[E) is simple. 

3.13. Corollary. We re-establish the simplicity (or non-simplicity) of the algebras 
given in Examples 1.4 above. 

(i) Matrix algebras Mn(K): Since there are clearly no cycles in E, we need only verify 
condition (i) in Theorem 3.11. To this end, let i? 7^ be a set of vertices which is 
hereditary and saturated. Pick Vi E H. By hereditariness we have that Vj+i, . . . ,Vn G 
H. Now if we use the condition of being saturated at Vi—i we get that fi—i G H, 
and inductively Vi^i, . . . ,Vi E H and therefore H = . Hence there are no nontrivial 
hereditary and saturated subsets of E^, and Theorem 3.11 applies to give that Mn{K) = 
L(E) is simple. 

(ii) Laurent polynomial algebras K[x, x~^]: The cycle x does not have an exit, so by Theo- 
rem 3.11 L(E) = K[x, x~^] is not simple. (Indeed, similar to the argument which arises 
in the proof of Theorem 3.11, it is easy to show that 1 ^< 1 + x >.) 

(iii) Leavitt algebras L(l, n) for n > 2: The conditions in Theorem 3.11 are clearly satisfied 
here, so L[l, n) is simple, as was established in [7, Theorem 2]. 
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3.14. Example. Let C„ denote the graph having n vertices and n edges, where the 
edges form a single cycle. (In particular, the graph described in Example 1.4 (ii) is the 
graph C\.) Then L(Cn) is not simple for all n, since the single cycle contains no exit. 

3.15. Example. The Cuntz-Krieger algebra CK,a{^K) of a finite matrix A is defined 
in [1, example 2.5]. For a finite graph E we can define the edge matrix Ae associated 
to E; Ae is the n X n matrix with entries a^- = (^r(ei),s(ej)) where n = \E'^\. It is 
long but straightforward to show that if a finite graph E has no sinks nor sources, then 
L{E)^CICaAK). 

In [1, Theorem 4.1] the authors provide sufficient conditions on A which yield the sim- 
plicity of C}Ca{K), in case ^ is a finite matrix which has no row or column of zeros, and in 
case A is not a permutation matrix. (There is also an additional condition on an associated 
function a which must be satisfied in order to yield the simplicity of C/C/i(i^).) But these 
conditions on A eliminate both the simple algebras M^(yK) and the non-simple algebras 
L(Cn) from consideration in [1, Theorem 4.1], since the edge matrix for the graph given in 
Examples 1.4 (i) is 

/O 1 •■■ 0\ 
1 ••• 



••• 1 
\0 ••• 0/ 

which contains both a zero column and a zero row, while the edge matrix for the cycle graph 
Cji given in Example 3.14 is 

/O 1 •■■ 0\ 
1 ••• 

' '■'.■> 

••• 1 

\1 ••• 0/ 

which is a permutation matrix. 
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